In this paper, we consider the average-consensus problem with communication time delays and noisy links. We analyze two different cases of coupling topologies: fixed and switching topologies. By utilizing the stability theory of the stochastic differential equations, we analytically show that the average consensus could be achieved almost surely with the perturbation of noise and the communication time delays even if the time delay is time-varying. The theoretical results show that multi-agent systems can tolerate relatively large time delays if the noise is weak, and they can tolerate relatively strong noise if the time delays are low. The simulation results show that systems with strong noise intensities yield slow convergence.
Introduction
Recently, the distributed coordinated control of multiagent systems has attracted a great deal of attention in many fields such as biology, physics, robotics, and control engineering. This is partly due to its broad applications in many areas including cooperative control of unmanned air vehicles, formation control, attitude alignment of clusters of satellites, and congestion control in communication networks. [1] [2] [3] A critical problem in the distributed coordinated control of multiple agents is to find control laws such that all agents can reach an agreement regarding a certain quantity of interest which depends on the states of all agents. This problem is usually called the consensus problem. For some consensus problems, the common value to which the states converge is also required to be the average of the initial states of the group. It is often called the average-consensus problem. [4] In the past decade, numerous interesting results have been obtained for the average-consensus problem. In Ref. [4] , the average-consensus problem in networks of dynamic agents with fixed and switching topologies was investigated. The authors proved that a linear protocol can ensure an average consensus if the network is strongly connected and balanced. In Ref. [5] , the authors extended the results of Ref. [4] to the case of directed networks with switching interaction topologies. Nonlinear consensus problems for continuoustime multi-agent systems and discrete-time multi-agent systems were studied in Refs. [6] and [7] . The consensus seeking over random networks was considered in Refs. [8] and [9] . The finite-time consensus problem for networks of dynamic agents was studied in Ref. [10] . In Ref. [11] , the authors studied the constrained consensuses problem for a group of agents with disconnected topologies. The consensus problem of the second-order multi-agent system has been studied extensively. [12] [13] [14] The impulsive consensus for the secondorder multi-agent networks was considered in Ref. [14] . In recent years, a number of researchers have investigated the consensus problems from various perspectives. [15] [16] [17] [18] [19] [20] [21] In multi-agent systems, communication time delays may arise naturally, e.g., because of agents moving, the congestion of the communication channels, and the asymmetry of the interactions. Therefore, the stability analysis for multiagent systems with time delays has become an attractive subject of research in the past few years. [22] [23] [24] [25] [26] [27] [28] Some sufficient conditions, either delay-dependent or delay-independent, have been proposed to guarantee the global asymptotic stability for multi-agent systems with constant and time-varying delays.
The variation of the network topology is usually due to link failures or creations in networks with mobile nodes. By investigating recent results, we find that the variation of the communication topology is also a key factor that influences the stability of the multi-agent system. Cases with communication time delays and switching topologies have been treated. [22] [23] [24] [25] [26] Since noise is ubiquitous in both natural and man-made systems, the motion of an agent group is inevitably subjected to noise and disturbance in the environment, which could affect the agent on sensing its neighbor agent's value. Recently, consensus problems in noisy environments have attracted the attention of some researchers. [29] [30] [31] [32] [33] [34] In Refs. [29] and [30] , the authors considered the consensus seeking of discrete-time multi-agent networks. The average-consensus problem for networks of continuous-time integrator agents under fixed and directed topologies was considered in Ref. [31] . In Ref. [32] , the author studied the consensus problem in a mean square for multi-agent systems with measurement noise and time delays. Most researches in the above literature considered consensus problems with random measurement noise, where each agent had only noisy measurements of its neighbors' states. In fact, noise can also affect the coupling between agents. In noisy environments, the link weights between two agents are stochastically perturbed by white noise. In Ref. [33] , the averageconsensus problem with noisy links and fixed topologies has been investigated. In Ref. [34] , the leader-following consensus problem with noisy links and switching topologies has also been investigated. However, as far as we know, the averageconsensus problem for multi-agent systems with communication time delays and noisy links has not been well studied.
Motivated by the above discussion, the averageconsensus problem of multi-agent systems with noisy links and communication time delays is considered in this paper. The aim of this paper is to provide answers to the following questions: Can average-consensus be achieved with communication time delays and noisy links? Besides the numerical evidence, are there any analytical conditions that can be rigorously established? Based on a Lyapunov functional and the linear matrix inequality (LMI) approach, sufficient conditions are obtained, which guarantee that all agents asymptotically achieve an average consensus with a probability one. The work in this paper is closely related to Refs. [32] and [33] , where the consensus problems in noisy environments have been considered. It is worth pointing out that different from Ref. [32] , in which the mean square consensus problem with measurement noises and time delays was studied, we consider the almost sure consensus problem with coupling noises and time delays. The measurement noise can affect the agent's sensing of the other agent's state, while the coupling noise can affect the network topology. Unlike Ref. [33] , where a static network without communication time delays was considered, we consider a network with communication time delays and switching topologies.
The rest of the paper is organized as follows. Section 2 contains the problem formulation and some preliminaries. The main results of this paper are presented in Section 3. In Section 4, two illustrative numerical examples are given. Finally, conclusions are drawn in Section 5.
Throughout this paper unless specified, we let (t) = (w 1 (t), . . . , w n (t)) be an n-dimensional Brownian motion defined on a complete probability space (Ω , F , P) with a natural filtration {F t } t≥0 , w(t) is a one-dimensional Brownian motion. Accordingly,ẇ is the one-dimensional white noise.
The | · | denotes the Euclidean norm. If is a vector or matrix, its transpose is denoted as T . The < 0 means that is negatively definite. If is a matrix, ‖ ‖ is its operator norm, and λ ( ) is the eigenvalue of . The n denotes an n × n identity matrix, 1 = (1, . . . , 1) T ∈ R n is a vector.
Problem statement
The algebraic graph theory is a natural framework for analyzing the consensus problems. If each agent is regarded as a node in a graph, then their coupling topology is conveniently described by a simple graph. Let G = (V , E , A) be a weighted digraph of order n with the set of nodes V ={1, 2, . . . , n}, the set of edges E ⊂ V × V , and a weighted adjacency matrix = [a i j ] ∈ R n×n with nonnegative elements. The node indexes belong to a finite set I = {1, 2, . . . , n}. An edge of G is denoted as (i, j), which starts from node i and ends at node j. Then element a i j associated with the edge of the digraph is positive, i.e., a i j > 0 ⇔ (i, j) ∈ E . Moreover, we assume a ii = 0 for all i ∈ I . The set of neighbors of node i is denoted by
is the degree matrix of G , whose diagonal element is d i = ∑ j∈N i a i j for i = 1, 2, . . . , n. Then the Laplacian of the weighted digraph G is defined as = − ∈ R n×n . Let x i ∈ R denote the value of node i, we refer to G = (G , ) with = (x 1 , . . . , x n ) T as a network with value ∈ R n and topology G . Nodes i and j agree in a network if and only if x i = x j . In addition, the nodes of a network reach a consensus if and only if x i = x j for all i, j ∈ I , i ̸ = j. We assume that each node of a group is a dynamic agent with dynamicṡ
where u i is the coupling input. For any initial state 0 , if (t) converges to an equilibrium point * with x * i = x * j for all i, j ∈ I as t → ∞, then system (1) is considered to solve a consensus problem, especially, if
Suppose that agent i receives a message sent by its neighbor j after a time delay τ, the following model was proposed in Ref. [4] to reach an average consensus for undirected graph G :ẋ
As mentioned above, noise is unavoidable in the real world, the motion of the agent group is subject to environmental noise. In noisy environments, the link weights between 030510-2 two agents are stochastically perturbed by the white noise. So it is natural to assume that weights a i j are stochastically perturbed with a i j → a i j + σ i jẇ for all a i j > 0. Thus system (2) is stochastically perturbed into the following Itô stochastic differential equation:
where σ = [σ i j ] ∈ R n×n is a matrix representing the intensity of noise. To highlight the presence of noise, it is natural to assume that
It is obvious that can be regarded as a Laplacian matrix of the digraph
With matrices and , system (3) can be rewritten in a matrix form
where is the Laplacian of digraph G , and is the Laplacian of digraphḠ .
The following concepts and lemmas play an important role in the proof of the main results.
Definition 1 [35] A square matrix ∈ R n×n is said to be positive and stable if its eigenvalues have positive real parts.
Lemma 1 [4] If digraph G is strongly connected, then its Laplacian matrix has a zero eigenvalue with right eigenvector 1, and the other n − 1 eigenvalues have positive real parts.
Lemma 2 [4] If digraph G is balanced, then 1 is the right eigenvector of the Laplacian of G associated with the zero eigenvalue, i.e., 1 T = 0.
Lemma 3 [35] Digraph G is strongly connected if and only if its Laplacian matrix is irreducible.
Lemma 4 For any strongly connected and balanced digraph G with the Laplacian matrix ∈ R n×n , there exists a real orthogonal matrix with 1 ∈ R n×(n−1) as its first n − 1 columns and 1 √ n 1 as its last column such that
where¯∈ R (n−1)×(n−1) is positive and stable. Proof Note that 1 √ n 1 is the eigenvector of associated with the zero eigenvalue, this Lemma can be proven easily from Lemmas 2 and 3. The proof is quite trivial and omitted here.
Lemma 5 [35] For a given symmetric matrix with the form [36] Consider the following ndimensional stochastic differential delay equation:
where
Main results
In this section, we consider the average consensus problems for networks with a fixed topology and those with a switching topology.
Networks with fixed topology
Consider system (3) with a fixed topology. If digraphs G andḠ are balanced, then from Lemma 2 we have 1 T = 1 T = 0. Thus α = Ave(x) is an invariant quantity, i.e.,
This allows the decomposition of x in the form = + α1, where is a disagreement vector and satisfies ∑ n i=1 e i =0. Therefore the disagreement dynamics are given by
Clearly, (t, 0) = 0 is a trivial solution of system (6). Moreover, the consensus could be achieved with probability one provided that the trivial solution of system (6) is almost surely globally asymptotically stable, i.e., for any initial value 0 ∈ R n , | (t,t 0 , e 0 )| → 0 is almost sure as t → ∞. Lemma 6 If digraphs G andḠ are strongly connected and balanced, then the disagreement system (6) is equivalent to the following (n − 1)-dimensional system:
where = T 1 ,¯= T 
where = T 1 ∈ R n−1 .
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Then from system (6), we have d¯= −
Noting that digraphs G andḠ are also strongly connected, we thus have the following equations from Lemma 4:
where¯,¯∈ R (n−1)×(n−1) are positive stable. Hence, system (6) is equivalent to the (n − 1)-dimensional system (7). Theorem 1 Consider a directed network of agents with constant time-delay τ and a fixed topology. Assume that digraphs G andḠ are strongly connected and balanced. Then, system (3) almost surely solves the average-consensus problem if for some positive numbers ε 1 , ε 2 , there exist positively definite matrices , ∈ R (n−1)×(n−1) satisfying
where ε 1 > K 1 ε 2 , and
Proof From Lemma 6, if digraphs G andḠ are strongly connected and balanced, then system (3) almost surely solves the average consensus problem if and only if the trivial solution of the (n − 1)-dimensional system (7) is almost surely globally asymptotically stable.
Next, we will focus on the convergence analysis of system (7). Define a positively definite quadratic Lyapunov functional
where , ∈ R (n−1)×(n−1) are positively definite matrices, and ε 1 is a positive number. By the Itô formula, [36] we can calculate d along the trajectories of system (7), then we have
Due to the fact that for any ε 2 > 0,
we have
and T (t) = ( T (t), T (t − τ)).
Note that
From the Cauchy-Schwarz inequality, it is easy to compute that
If we choose ε 1 > K 1 ε 2 and can find two positively definite matrices , for < 0, then setting −λ = λ max ( ) (λ > 0), we obtain from inequalities (17) and (19) that
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From expressions (13) and (20), it is obvious that a positive constant α exists such that
Then, from the Gronwall inequality, we have
which yields the mean-square exponential stability of system (7). It is well-known that for a linear system, the mean-square exponential stability implies the almost sure exponential stability. From Lemma 5, < 0 is equivalent to the following matrix inequalities:
and the matrix inequality (23) is equivalent to
Hence, the trivial solution of the (n − 1)-dimensional system (7) is almost surely globally asymptotically stable if the matrix inequality (12) holds. This completes the proof. Remark 1 Since¯is positive stable, then from the Lyapunov theorem, there exists a positively definite matrix such that −¯−¯T = − n−1 . Let = β n−1 with β > 0, then we can easily transform the matrix inequalities (23) and (24) into the following testable matrix inequalities:
Clearly, the matrix inequalities (26) and (27) hold if
This suggests that the matrix inequality (12) is exactly solvable. Remark 2 The inequality (29) means that system (3) can tolerate relatively high time delays if the noise is weak, and it can tolerate relatively strong noise if the time delays are low.
If the time delay is varying with time in system (4), i.e.,
we have the following result. Theorem 2 Consider a directed network of agents with time-varying delay τ(t) and a fixed topology. Assume that digraphs G andḠ are strongly connected and balanced. Then, system (30) almost surely solves the average-consensus problem if for some positive numbers ε 1 , ε 2 , γ, ρ, and τ(t) < γ, τ ≤ ρ < 1, there exist positively definite matrices , ∈ R (n−1)×(n−1) satisfying
where ε 1 (1 − ρ) > K 2 ε 2 , and K 2 = 2γ‖¯‖ 2 + 2‖¯‖ 2 .
Proof In fact, this theorem can be proved following the same lines of the proof of Theorem 1. The main ideas used in that proof essentially remain valid even if the delay is timevarying in the equations.
Networks with switching topology
Consider a network of mobile agents that communicate with each other and need to agree upon a certain objective of interest or perform a synchronization. Since the nodes of the network are moving, it is not hard to imagine that some of the existing communication links can fail simply due to the existence of an obstacle between the agents. The opposite situation can arise when new links between nearby agents are created because the agents come to an effective range of detection with respect to each other. In terms of the network topology, this means that a certain number of edges are added or removed from the graph. Here, we are interested in investigating whether it is still possible to reach a consensus in the case of a network with a switching topology. In this case, we consider the following hybrid system: (32) where κ and κ are the Laplacians of digraphs G κ and G κ , respectively, and s(t) : [0, +∞) → Γ is a switching signal that selects elements from a finite collection of digraphs Γ = {G 1 , G 2 , . . .}. When each element of Γ is balanced, then under the arbitrary switching signal s, α = Ave(x) is also an invariant quantity. This allows the decomposition of any solution (t) of system (32) in the form = + α1. Therefore, the disagreement system induced by system (32) takes the following form:
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Theorem 3 Consider a directed network of agents with constant time-delay τ and a switching topology. Assume that digraphs G κ andḠ κ are strongly connected and balanced for any arbitrary switching signal s. Then system (32) almost surely solves the average-consensus problem if for some positive numbers ε 1 , ε 2 , there exist positively definite matrices , ∈ R (n−1)×(n−1) satisfying
κ 1 , and 1 are the first n − 1 columns of a real orthogonal matrix as shown in Lemma 4.
Proof The Lyapunov function ( ) in Eq. (13) does not depend on the network topology. Moreover, topologies G κ andḠ κ are strongly connected and balanced for any arbitrary switching signal. Then from Lemma 6, system (33) is equivalent to the following (n − 1)-dimensional system:
Thus, ( ) is also a valid Lyapunov function for the stability analysis of the switching system (35) . The following proof is similar to that of Theorem 1 and omitted here. If the time delay is time-varying in system (32), i.e.,
we have the following result. Theorem 4 Consider a directed network of agents with time-varying delay τ(t) and a switching topology. Assume that digraphs G κ andḠ κ are strongly connected and balanced for any arbitrary switching signal s. Then system (36) almost surely solves the average-consensus problem if for some positive numbers ε 1 , ε 2 , γ, ρ, and τ(t) < γ,τ ≤ ρ < 1, there exist positively definite matrices , ∈ R (n−1)×(n−1) satisfying
Remark 3 Since¯κ and¯κ are time-varying matrices, the matrix equalities (34) and (37), which can be easily solved by using numerical software, should be satisfied for all possible graphs of Γ .
Simulation results
Numerical simulations are given to illustrate the theoreti- Example 1 Consider a directed network with fixed topology G as shown in Fig. 1 . It is obvious that digraph G is strongly connected and balanced. Let = σ 0 (σ 0 > 0 representing the noise intensity), hence digraphḠ is also strongly connected and balanced. For simplicity, take ε 1 = 1. Chin. Phys. B Vol. 22, No. 3 (2013) 030510
For a given σ 0 (or τ), applying Theorem 1, we can get the maximum delay bounds (or noise intensity bounds). For a given σ 0 = 0.1, applying the LMI toolbox in Matlab, we find that the maximum delay bound is τ = 0.123. It is not hard to obtain K 1 = 3.2167 and ε 1 = 3.2488, and the corresponding positively definite matrices and are For the case with a time-varying delay, applying Theorem 2, we can also calculate the maximum time-delay bounds and the maximum noise intensity bounds. The simulation results (not shown) are also consistent with Theorem 2. From Figs. 2 and 3, we can see that the average consensus can be achieved with the perturbation of noise. Moreover, Figures 4(a) and 4(b) show that the speed of convergence in the environment with a large noise intensity is lower than that in the environment with a relatively small noise intensity.
Example 2 In the switching topology case, the assumption of Theorems 3 and 4 about digraphs G κ andḠ κ is exceedingly conservative. For simplicity, take κ = σ 0 κ . The following numerical example shows that the average consensus can be achieved when no elements of Γ are connected.
Here we consider a directed network with switching topology {G a , G b ,G c , G d } with the property that none of them is strongly connected. That is each graph contains pairs of nodes that do not have a path between them. However, the union of vertices over all four graphs is strongly connected. All four graphs are shown in Fig. 5 . All graphs in this figure are balanced. The hybrid system starts at the discrete state G a and switches after ∆t s = 0.001 to the next state with the following switching order: {G a , G b , G c , G d , G a , G b , G c , G d ,. . . }. Take τ(t) = 0.1| sin(t)| and σ 0 = 0.1. The state trajectories and the group disagreement | | of system (36) are shown in Figs. 6(a) and 6(b), respectively. Clearly, the group disagreement is decreasing, and the average consensus is achieved asymptotically. The simulation results show that a network with a switching topology could propagate sufficient information to allow the synchronization of its agents, despite an instantaneously disconnected topology. 
Conclusion
The average-consensus problem of noise-perturbed multiagent systems with fixed and switching topologies as well as communication time delays has been investigated. By virtue of the stability theory for the stochastic differential delay equations, sufficient conditions in terms of LMIs ensuring the successful consensus with probability one have been rigorously established. The numerical simulations are very consistent with the theoretical results. The simulation results show that the speed of convergence in the environment with a large noise intensity is lower than that in the environment with a relatively small noise intensity. In particular, the simulation results show that a network of agents with a switching topology can reach the average consensus even if at every point in time the network topology is insufficiently connected to achieve the consensus.
